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Remark 0.0.1. This document omits basic definitions, such as the comparison or arithmetic operations on
random variables. Arithmetic operations on random variables are performed element-wise for each element
of the sample set. Please see the Lean file for complete details.

1 Probability

The treatment of the probability follows mostly the treatment in
Deisenroth, M.P., Faisal, A.A. and Ong, C.S. (2021) Mathematics for machine learning.

Although this document states that the values are in R, the lean file is all defined in terms of rational numbers
Q for computability reasons.

1.1 Prelude

This section sets up some basic tools for working with probabilities. See Probability/Prelude.lean.

[ Definition 1.1.1. A p € R is a probability value when p > 0Ap < 1. (LEAN: Prob) J

The lean file also defines several basic properties for Theorem 1.1.1 which we do not summarize here.

[ Definition 1.1.2. A finite set of natural numbers is defined as N,, := {0, ...,n — 1}. J

{ Definition 1.1.3. AlistL,,: N,, — 7 of type 7 and length n is a function defined for N,, := {0, ... ,n — 1} }
of type 7.

The following definition generalizes the inverse of a function to non-injective function which do not have an
inverse.

Definition 1.1.4 (Preimage). The preimage f~1: ¥ — X of a function f: X — Y is defined as

fy) ={zeX | flx) =y} (1)




1.2 Defs

This section contains definitions of probability spaces, probability operators, and the expectation operator.
See Probability/Defs.lean.

[ Definition 1.2.1. A finite probability distribution A(n) for n € N is defined as
A, = {pe[l_n| Zpizl,piZO,WED\ln}.
ieN,,

We call a probability distribution degenerate if p, = 1 for some ¢; otherwise the probability distribution
is supported.
-

The formal model we use to represent random events and processes is the following.

P
Definition 1.2.2 (Complete Probability Space). A complete probability space consists of:

1. A sample space €2 := N, which is the set of all possible outcomes.
2. An implicit event space F := 2%, which we do not define explicitly in Lean.
3. A probability function P € A that satisfies that

(a) P(2) =1
(b) P(A; UA,) =P(4;) +P(A,) for all A;, A, € F such that A; N A, = 0.

The notation 2 in Theorem 1.2.2 represents the power set of .

The set F is often, but not always, the power set of 2. One reason it may not be a power set is that it is
necessary when (2 is infinite; see Borel sets. Another reason to define & that is not a power set is to denote
the available information. We will see an example of this later. Unless specified otherwise, we assume that
the event set for a finite sample space is its power set and the o-algebra of R is the Borel set.

Definition 1.2.3 (Measure). The measure P[S] of the set § C N given a probability space is defined
as
P[S] == _1[i € 8].
i€Q

The definition requires that the set is decidable.

Ezxample 1.2.4. Suppose I want to model the behavior of coin flips. I have a coin that is equally likely to
come up heads and tails. I flip the coin twice. One possible probability space would be
1. Q:={HH,HT, TH, TT}.
2. F:=2%={0,Q,{HH}, {HH, HT}, ... }.
3. P({HH}) := %, P({HH,HT}) := 1. The probabilities of other sets are derived using the properties in
Theorem 1.2.2.

For the sake of completeness, we include also the notion of measurability. However, since we are only
concerned with complete probability spaces, all random variables we define will be measurable.



N
Definition 1.2.5. A function f: X' — Y with o-algebras 2 C 2% and & C 27 is measurable when the
pre-image of each E € £ is in D:

fY(E) e D.

Here, the application to f~! to a set E C ¥ is defined as:

B = ). (2)

ecE

The measurability in the definition of random variables is required for us to reason about their probability
distributions.

Definition 1.2.6 (Random Variable). A random variable is a measurable function Z: N — ¥ where ¥
is a measurable set. Note that the way we define random variables, they are independent of a particular
probability space. The measurability requirement is vacuous in probability spaces.

When manipulating random variables we denote them with a tilde, such as Z,5. This corresponds to the
common practice to use uppercase letters to denote random variables. We drop the tilde when treating the
random variable as an ordinary function.

[TODO: We could get a lot of mileage from treating random variables as vectors. Expectation and probability
are then linear operators on this vector space of random variables. This is only possible when using a complete
vector space. Question: Do we need finiteness for this? That is, do random variables need to be defined for
a finite Q7]

Remark 1.2.7. We define some ad-hoc operations on random variables. However, it would be better to treat
them as a vector space. Then probability and expectation can be seen as linear operators on this vector
space.

Other notable definition is that the equality with a scalar & = z is interpreted as a boolean random variable
b:B—{0,1} :
b(w) = (F = 1) () = Na(w) = z).

We use the operator (function) P denote the probability of the set of sample space that corresponds to a
given condition. We use a non-standard definition for convenience (and show that this definition equals to
the standard one later).

Definition 1.2.8. For any complete probability space, (2, #, P) and a random variable b: Q — B, the
operator P is defined as .
P[5] ==Y P(i)b(i),
i€

where the boolean is interpreted as 0 for false and 1 for true.

The definition can be seen as an inner product between the probabilities and the random variable.

The following theorem shows that our definition of a probability operator is equal to the standard defini-
tion.

e R



Theorem 1.2.9. For any probability space, (2, F, P) and a random variable b: Q — B:

P [73] := P[b~1(true)].

Probability distributions are typically defined for random variables. The distribution of a random variable is
characterized by the cumulative distribution function (CDF), defined as follows.

Definition 1.2.10 (CDF). The cumulative distribution function Fy: R — [0, 1] of a real-valued random
variable Z: 2 — R is defined as

Fi(z):=P[z < ], Vz € R.

Some random variables also have a probability density function (PDF), and discrete random variables have
a probability mass function (PMF). In this class, we will be primarily dealing with discrete random vari-
ables.

[ Definition 1.2.11 (PMF). The probability mass function pz: & — [0, 1] for a discrete random variable A
Z: Q) — & with a finite £ is defined as

pz(e) :=P[Z =¢€], Ve e &.

f Definition 1.2.12. The joint probability of two random variables Z: Q@ — X and 3: Q — Y is defined )
as
PZ=xz,y=y|:=Plt=xAy=y],VeeX,yely.

One can also define a joint PMF for two discrete random variables pi,g(x, y)forx € X and y € Y as

pi,g(%y) =Pz=29=y].

s = N
Definition 1.2.13. The conditional probability of b:  — B on ¢: Q — B is defined as

)

Plb|é] = [P[Df[%g]

N J
( Definition 1.2.14 (Independent RV). Events A, B € & are independent when )
P[A N B] = P[4] - P[B].

Random variables 7: Q — X and 3: Q — Y are independent when
| Fy 5(2,y) = Fa(x) - Fy(y), Vo € L,y € 4. )

Discrete random variables Z and ¥ are independent if and only if
PZ=xz,y=y|=Plt=z]-Ply=y],VeeX,yel.
The expectation of a random variable is its mean. As with probabilities, we use a non-standard definition

for the sake of computational convenience and then show that it is equivalent to the common definition of
probabilities.



Definition 1.2.15 (Expected Value). Suppose that Z: 8 — R is a random variable and that x() :=
{z(w) | w € O} is finite. Then

The following theorem shows that our definition of expected value is equal to the standard definition of
expected values.

Theorem 1.2.16 (Expected Value). Suppose that T: Q — R is a random variable and that x(Q2) :=
{z(w) | w € Q} is finite. Then
Elf]= ) =-P[&

zeT()

In general probability spaces, the expectation is defined using the Lebesgue integral:

E[#] ::/idP,
Q

which is equivalent to the form in the theorem above in finite probability spaces.

Some of the most important properties of expectations are as follows.

Theorem 1.2.17. Assume Z,3: Q@ — R and ¢ € R. Then:

Elc-Z] =c-E[7]
E[Z + 9] =E[z] + E[9]
E[z-g)=E[Z]-E[g] for independent Z,§.

[ Definition 1.2.18. A random variable defined on a finite probability space P is a mapping Z: Q — R. J

1.3 Induction

This section includes properties that aim to enable one to perform induction on probability spaces.

1.4 Basic

This section states the basic properties of probability spaces, and operators.

Definition 1.4.1. A finite probability measure p: @ — R on a finite set €2 is any function that satisfies

Zp(w) =1.

weN




Theorem 1.4.2 (Law of the unconscious statistician). For any discrete &: & — R and g: R — R:

Elg(®)] =) g(a)-P[E =a].

zeX

For the remainder of ??, we assume that P = (£2,p) is a finite probability space. All random variables are
defined on the space P unless specified otherwise.

1.5 OLD CONTENT: TO BE MOVED

Here, we define probability and expectation operators.

[ Definition 1.5.1. A boolean set is B = {false, true}. j
e - 2
Definition 1.5.2. The expectation of a random variable z: Q — R is
E[F] =) pw)-Fw).
weN
N J
s 2
Definition 1.5.3. An indicator function 1: B — {0, 1} is defined for b € B as
() = 1 if b = true,
0 if b= false.
N J
e " 2
Definition 1.5.4. The conditional expectation of T: 2 — R conditioned on b: Q — B is defined as
=T 1 L
E[#|b] == —E[&-10D],
P[o]
where we define that 2/0 = 0 for each x € R.
N J

Remark 1.5.5. It is common to prohibit conditioning on a zero probability event both for expectation and
probabilities. In this document, we follow the Lean convention, where the division by 0 is 0; see div_zero.
However, even some basic probability and expectation results may require that we assume that the condi-
tioned event does not have probability zero for it to hold.

Definition 1.5.6. The random conditional expectation of a random variable Z: Q — R conditioned on
g: Q — Y for a finite set Y is the random variable E [Z | §] : Q@ — R is defined as

EZ|§](w):=E[Z|§=Fw)], Ywel

Remark 1.5.7. The Lean file defines expectations more broadly for a data type p which is more general than
just R. The main reason to generalize to both R and R,. However, in principle, the definitions could be used
to reason with expectations that go beyond real numbers and may include other algebras, such as vectors or
matrices.



Lemma 1.5.8. Suppose that 7),5: Q — B. Then:
1(BAE) =1(b)-1(&),

where the equality applies for all w € Q.
\

J

( Theorem 1.5.9. Suppose that ¢: Q — B such that P[¢] = 0. Then for any Z: Q — R: )
E[z|¢c]=0.

N J

Proof. Immediate from the definition and the fact that 0-x = 0 for z € R.

Theorem 1.5.10. Suppose that é: Q — B such that P [¢] = 0. Then for any b: © — R:

L 0O

Plild =0
Proof. Immediate from Theorem 1.5.9. O
Theorem 1.5.11. Suppose that ?775: Q — B, then
Ploaél=P[b|é] Ple.
Proof. The property holds immediately when P [¢] = 0. Assume that P [¢] > 0. Then:
Plone] =E[i(bAE) [77]
= [1(B) - 1(0)] [Theorem 1.5.8]
1 ~
- E1(B)-1&)]-P 1
el 1] P
=E[1(b) | é] - P[] [Theorem 1.5.4]
=P [7) | 5] -PIc] [Theorem 1.2.13].
O
Lemma 1.5.12. Let i: Q — Y with a finite Y. Then
Pl =y(w)] > pw), weq.
Proof.
P[j =yw)] =Y pw) IFw) = fiw) (77]
w’ €N
> p(w) we Q[ and |p(w’) > 0,V € Q.
O

Remark 1.5.13. Theorem 1.5.19 shows the equivalence of expectations for surely equal random variables.



Theorem 1.5.14. Random variables T,y: Q — R satisfy that

Elz+g)=E[Z]+E[y].

Proof. From the distributive property of sums. O
e 2
Theorem 1.5.15. A random variable &: Q@ — R and c € R satisfies that
Elc] =ec.
L J
e = 2
Theorem 1.5.16. Suppose that : Q — R and ¢ € R. Then
Ele+ 2] =c+ E[7].
L J
Proof. From Theorems 1.5.14 and 1.5.15. O

Theorem 1.5.17. Suppose that Z,y: Q@ — R and zZ: Q@ — V are random variables and c € R, such that
J(w) =c+ Z(w). Then
E[j| 2] (w) = c+E[F |5 (@), Yweq

Proof. From Theorem 1.5.16. O
e _— 5 ~
Theorem 1.5.18. Suppose that Z,y: Q — R satisfy that
Vw e Q,p(w) > 0= Z(w) > y(w).
Then
Elz] > E[g].

N Y
( Theorem 1.5.19 (Congruence of Expectation). Suppose that Z,Z: Q — R satisfy that )
Yw e Q,p(w) > 0= Z(w) = Z(w).

Then
E[z] =E[Z].
N Y
Proof. Immediately from the congruence of sums. O

1.6 The Laws of The Unconscious Statisticians

Theorem 1.6.1. Let T: Q — R be a random variable. Then:

E[z] = Z Pz =2x] .
)

TeT(Q




Proof. Let X := Z(2), which is a finite set. Then:

E[7] = Zp(w) F (W) [Theorem 1.5.2]
we
=>"Y pw)  Fw) Uz = Fw)) [27]
weQ zel
=33 pw) -z l(w = F(w)) [27]
weQ el

=Y 2 Y pw) - Ue = Fw)) [77)

= Z z-El(z = Z(w))] [Theorem 1.5.2]
el

=Y 2-Plr=7w). [77]
el

The following theorem generalizes the theorem above.

( ~
Theorem 1.6.2. Let Z: Q — R and b: Q — Y be random variables. Then:

E[#|b]= ) Pli=x|b] =
zEF(Q)
-

( Theorem 1.6.3. Let : Q — R and y: Q — Y be random variables with Y finite. Then:

1.7 Total Expectation and Probability

( ~
Theorem 1.7.1 (Law of Total Probability). Let b: @ — B and §: Q@ — Y be random variables with a

finite set Y. Then: 5 y
Y PhAG=y)]|=P[.

yey
N

- 2
Theorem 1.7.2 (Law of Total Expectation). Let Z: Q@ — X and §: Q — Y be random variables with
a finite set Y. Then:
E[E[Z | g]] = E[2].




Proof. Recall that we are allowing the division by 0 and assume that /0 = 0.

EIELF )= Y-re) 7171 ) [Theorem 1.5.2]
_ :Ez; pw) E[F|§ = §w)] [Theorem 1.5.6]
:mepr@H;;mw»fw»wwwwzmw> [Theorem 1.5.4]
= 3 pe) 3 3 A1) =) rearrange
:g%mwyﬂw»%;m;faww@wvzﬂw> fequals when (') = ()
. wi p(w’) - F(W) ) lsce below]
.

Above, we used the fact that

) 3 =2 Gy = () = p(w),

S Pli=0(w)]

which follows by analyzing two cases. First, when p(w’) = 0, then the equality holds immediately. If
p(w’) > 0 then by Theorem 1.5.12, P [§ = g(w’)] > 0, we get from ?? that

~ - P
> 52 (w) = i) = L= D
which completes the step. O
The following proof is simpler but may require some more advanced properties.

Alternate proof.

1.8 Non-Degeneracy

10



Theorem 1.8.1 (Non-degeneracy of L,-norm). Let (2, F,P) be a discrete probability space with Q =
{wy,wy, ...} countable, and let p; = P({w;}) > 0 with 3. p; = 1. Let X be a random variable with
X, = X(w;). Then

E|X|| =0« P{{we Q: X(w) =0}) =1.

Proof. Proof of («<): Assume P(X =0) = 1. If P(X = 0) = 1, then P(X # 0) = 0. In discrete terms p, =0
for all w; such that X; # 0. Now compute E[|X|] such that

EllX1) = ZIXI Pi-

Case 1: X; =0=|X;|p;=0-p, =0.
Case 2: X; #0=p, = 0= |X,|p; = |X;|-0=0. Every term is zero, so E[|X|] =

Proof of (=): Assume E[|X|] = 0. We have
E[1 X = Z|X| p; =0,

where |X;|p;, > 0 for all i. For a sum of nonnegative terms to be zero, each term must be zero
| X,|p; =0 for all 4.

Thus, for each 4, either p, = 0 or |X;| = 0 (i.e., X; = 0). Let N = {w,; : X; # 0}. For w, € N, we have
X, #0=|X,| # 0 = from |X;|p; = 0 we must have p, = 0. Therefore:

PX#0)=> p=Y 0=0.

w,EN w;EN
Thus (X =0) =1 —P(X # 0) = 1. Hence, we conclude that
E|X|]=0<=P(X=0)=1.

2 Formal Decision Framework

2.1 Markov Decision Process

P
Definition 2.1.1. A Markov decision process M := (S, A, P,r) consists of:

« apositive integer S € N, representing the number of states, with index set Fin(S) = {0, 1, ..., 5—
1}
o apositive integer A € N representing the number of actions, with index set Fin(A) = {0, 1, ..., A—

1}

o a transition function P: Fin(S) x Fin(A) — A(Fin(5)), mapping each state-action pair to finite
probability distribution over next states

o a reward function r: Fin(S) x Fin(A) x Fin(S) — R, mapping each transition (s,a,s’) to a real
number

11



2.2 Histories

We implicitly assume in the remainder of the section an MDP M = (S, A, P, r).
P

Definition 2.2.1. A history h in a set of histories J{ is a sequence of states and actions defined for M

recursively as
h:= <SO>7 [OI‘] h = <h’,a,s>,

where s, s € Fin(S), a € Fin(A), and b’ € H.

Definition 2.2.2. The length |h| € N of a history h € # is defined as

8= O,
1

+ R, h e

Definition 2.2.3. The set H yp of non-empty histories is

Definition 2.2.4. Following histories 7 (h,t) C H for h € J of length t € N are defined recursively )
as

h if t =
‘7{<ha t) B= { }/ , ' 0.7
{(h,a,s) |h e H(h,t—1),a € A,s € S} otherwise.
\ J
(" Definition 2.2.5. The set of histories J, of length t € N is defined recursively as )
g0 {(s) | s € 8} ift =0,

"l {hya,8) |he H, j,ae Ase 8} textotherwise.
\ J
s ™

Theorem 2.2.6. For h € J(:
|h| = |h| + ¢, Vh' € FH(h,t).

\ J

Proof. The theorem follows by induction on ¢ from the definition.

[ Definition 2.2.7. We use §,: H — S to denote the 0-based k-th state of each history.

[ Definition 2.2.8. We use a;: K — A to denote the 0-based k-th action of each history.

a € A, and s € § is defined recursively as

L]
Definition 2.2.9. The history-reward random variable 7*: % — R for h = (b, a,s) € H for h’ € I,
(h) = r(si/(h'), @, 8) +ry(R).

12



P
Definition 2.2.10. The history-reward random variable 7'+ H — R for h = (h/,a,s) € H for k' € ¥,
a € A, and s € § is defined as the k-th reward (0-based) of a history.

N

P
Definition 2.2.11. The history-reward random variable ng: H — Rfor h=(h',a,s) € H for b’ € I,
a € A, and s € § is defined as the sum of all k-th or earlier rewards (0-based) of a history.

N

P
Definition 2.2.12. The history-reward random variable ng: H — Rfor h=(h',a,s) € H for b’ € I,
a € A, and s € § is defined as the sum of k-th or later reward (0-based) of a history.

2.3 Policies

Definition 2.3.1. The set of decision rules D is defined as D := A°. A single action a € .4 can also
be interpreted as a decision rule d := s > a.

[ Definition 2.3.2. The set of history-dependent policies is Ty = A(A)7.

Definition 2.3.3. The set of Markov deterministic policies Ily;p is Hyp := DY. A Markov deterministic
policy 7 € Il can also be interpreted as 7 € Ilyg:

#(h) == & [w(|hl, s ()]

where 0 is the Dirac distribution, and sy, is the history’s last state.

N
Definition 2.3.4. The set of stationary deterministic policies Ilqp is defined as Ilgp := 2. A stationary
policy 7 € Ilgp can be interpreted as 7 € Ilyg:

7(h) 1= & [w(sy (W))] .

where ¢ is the Dirac distribution and s, is the history’s last state.

2.4 Distribution

- ™
Definition 2.4.1. The history probability distribution p%: Iy — A(FH (h,t)) and 7 € [y is defined
for each T'€ N and h € F (h,t) as

I(h = h) if T =0,

h (o —
) {P%q(h'ﬂr) -w(h,a) - p(sjp(h'),a,8) T >1Ah=(h,a,s).

Moreover, the function p" maps policies to correct probability distribution.

13



TODO: This definition needs to be updated. A probability space (£, 4, QQh’f,f)hm) which is defined as

Q= {h/ SN | 5, (h) = sp,(R) Aay(h) = a(h'),VEk < |h|}7 (3)

1 if (h',a,s)=nh,
ﬁh,-rr(h/> ’ T(h/a a) : p(s\h’\ (h,)v a, S) otherwise,

f’h,w (<h/7 a, 8>) = { (4)

for each (', a, s) € ), ;. The random variables are defined as 5;,(h") := s,(h'), a(h') := a,(h'), Yh' € Q) ;.
We interpret the subscripts analogously on all operators, including other risk measures, and E, and P.

- " 2
Definition 2.4.2. The history-dependent expectation is defined for each t € N, m € Iy, h € H and

aZ:H = Ras R
EME] =EE] = Y p"(h,7) - E(h).
heF((h,t)

In the E operator above, the random variable Z lives in a probability space (€, p) where Q = H (;l, t)
and p(h) = p"(h, ), Vh € Q. Moreover, if h is a state, then it is interpreted as a history with the single
initial state.

Definition 2.4.3. The history-dependent expectation is defined for each ¢ € N, m € Iy, h e I,
F:H =R, b: H —Bas A
ERmtE | B) = [£ ]3] .

In the E operator above, the random variables # and b live in a probability space (2, p) where =
H(h,t) and p(h) = p®(h,n), Vh € Q. Moreover, if h is a state, then it is interpreted as a history with
the single initial state.

Definition 2.4.4. The history-dependent expectation is defined for each t € N, m# € Iy, h € I,
T:H R g: H —7V as

EMmtE | gl(h) == E[Z | §=§(R)] (h), Vhe H(h,1).
In the E operator above, the random variables # and & live in a probability space (2, p) where Q =

FH (h,t) and p(h) = p"(h,w),Yh € Q. Moreover, if h is a state, then it is interpreted as a history with
the single initial state.

2.5 Basic Properties

Theorem 2.5.1. Assume : H — R and ¢ € R. Then Vh € H, 7 € llyg,t € N:

ERmt o+ 8] = ¢ + Bt [F)].

Proof. Directly from Theorem 1.5.19. O

14



Theorem 2.5.2. Suppose that Z,y: H — R. Then Yh € FH,m € llyg,t € N:

[Eh,w,t [5 + 27] — [Eh,w,t [5] + [Eh,w,t [ﬂ] .

Proof. From Theorem 1.5.14. O

Theorem 2.5.3. Suppose that c € R. Then Vh € H, 7w € Ilyg,t € N:

Ehimt [c] = c.

Proof. From Theorem 1.5.15. O

Theorem 2.5.4. Suppose that Z,y5: £ — R satisfy that (h) = y(h),Vh € H. Then Yh € H 7 €
HHR,t (S D\‘:

[Efmr,t %] = c+ [Eh,ﬂ,t [7].

Proof. From Theorem 1.5.16. O

e N

Theorem 2.5.5. For each h € H, w € IR, and t € N:
A A lid|—1
EPmt [ = ERmt Z (8 Qg Spt1) |
k=0

where id(h) is the identity function, |-| is the length of a history (0-based), 5,,: H — 8 and a2 H — A
are the 0-based k-th state and action, respectively of each history.

Proof. Follows from Theorem 2.5.1 and the equality of the reward function ¥ and the sum in the expectation.

O
Theorem 2.5.6. For each h € J(, m € llyy, and t € N:
h,m,t [=h] _ ~h h,m,t |~h
Ermt [ = 7™ (h) + E [Tzko] ,
where ky := |h|.
Proof. Follows from Theorem 2.5.4. O

Theorem 2.5.7. For each h € H,mellyg, teN, he K:
PRt =58 (W) Ay, =G, W] >0 = EP™[F |5, | (h) =7 (h),Yhe H.

where ky := |h).
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Proof. From Theorem 1.5.15. O

Theorem 2.5.8. Assume h € H and f: H — R such that sy := s, (h)
f(<h’a75>) = f(<507aa a>)ava €A,s€eS.

Then
[Eh,ﬂ',l |:f] — [so,ﬂ,l [ﬂ .

Proof. Directly from the definition of the expectation. O

2.6 Total Expectation

Theorem 2.6.1 (Total Expectation). For each h € H, w € lyp, t e N, Z: H — R and §: H — V:

Ehomot [[Eh,w,t [5 ‘ g” — Fhomit [:ﬂ )

Proof. From Theorem 1.7.2. O

( Theorem 2.6.2. Suppose that the random variable Z: H — R satisfies for some k,t € N, with k < t,
that
Z(h) = Z(hgy,),Vh € I,

where hy, is the prefiz of h of length k. Then for each h € H,m € Iy

b 7] = B [3]

2.7 Conditional Properties

Theorem 2.7.1. For each f >0, he H, m€llyg, teN, Z: H - R, s€ S, a € A:

[Eh,ﬂ,tJrl[:’I:“ | a\h| =a, §\h|+1 = 5] = ﬂ':<h,a,s>77\'7t[§]a

Proof. Let
b= [Phﬂ't+1 [a‘ =aq, \hHl — S]
=Pnx(0) - (k' a) - p(sp (h'), a,s)
>0

where the inequality holds from the hypothesis. Also, let

B:= {h/ € Qpyir [ ap(B') =a s (h) = 5}~

Note that
B = Q()U,a,s),t? (5)

which can be seen by algebraic manipulation from (3).
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Using the notation above, we can show the result as

1
EMTE | dpy = a8 = 8] = 7 > bug(h’) - a(h) [definition]
h’eB
1 ~ / /
=3 Z Ph(h') - () [Eq. (5)]
h'eQy,, ,
<}L ,a,5>,t
= D Pasgah)-z®) [Eq. (4)]
hlEQ(h/,a,s>,t
= [E<h’“’s>*”’t[§]. [definition]

3 Dynamic Program: History-Dependent Finite Horizon

In this section, we derive dynamic programming equations for histories. We assume an MDP M = (8, A, p,r)
throughout this section.

The main idea of the proof is to:
1. Derive (exponential-size) dynamic programming equations for the history-dependent value function of
history-dependent policies

(a) Define the value function

(b) Define an optimal value function
2. Show that value functions decompose to equivalence classes

3. Show that the value function for the equivalence classes can be computed efficiently

3.1 Definitions

Definition 3.1.1. A finite horizon objective definition is given by O := (s,,T) where s, € § is the
initial state and 7" € N is the horizon.

In the reminder of the section, we assume an objective O = (s, T).

~
Definition 3.1.2. The finite horizon objective function for and objective O is m € Ilyy is defined as

p(m, 0) := Eso™T [Fh] |

N J
e N
Definition 3.1.3. A policy 7* € Ilyy is return optimal for an objective O if
p(7‘(’*7 O) = p(ﬂ', 0)7 v € 1_IHR'
N J

17



( Definition 3.1.4. The set of history-dependent value functions U is defined as

U :=R™.

-
Definition 3.1.5. A history-dependent policy value function af: H — R for each h € H, m € R,
and t € N is defined as

ar(h) == EP=t 7R ],

( Definition 3.1.6. The optimal history-dependent value function @}: H — R is defined for a horizon )
t €N as
uy(h):= sup af(h).

mellgr

The following definition is another way of defining an optimal policy.

P
Definition 3.1.7. For each ¢t € N, a policy 7* € IIg is optimal if

ar'(h) > ar(h), Vr€llgg,heXH.

.

e )
Theorem 3.1.8. A policy m* € Ilyg optimal in Theorem 3.1.7 is also optimal in Theorem 3.1.7 for
any initial state sy and horizon T'.

=

3.2 History-dependent Dynamic Program

The following definitions of history-dependent value functions use a dynamic program formulation.

( Definition 3.2.1. The history-dependent policy Bellman operator L] : U — U is defined for each )

m € IR as
(LE@)(h) = EmmL [fh +46), VheH,iel,

where the value function # is interpreted as a random variable on defined on the sample space Q = 7.

Definition 3.2.2. The history-dependent optimal Bellman operator Li: U — U is defined as

(L) (h) := max Ehel [fh +8], VheH Gel,

where the value function % is interpreted as a random variable on defined on the sample space Q = F.

Definition 3.2.3. The history-dependent DP wvalue function uf € U for a policy m € Ilyg and t € N )
is defined as

. 0 ift =0,
url =
K Liufy ; otherwise.
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( Definition 3.2.4. The history-dependent DP wvalue function u; € U for t € N is defined as

N 0 if t =0,
uy =
¢ Liu; | otherwise.

N J
s N
Lemma 3.2.5. Suppose that u',u? € U satisfy that u'(h) > u?(h),Vh € H. Then
(Lyut)(h) > (LFu?)(h), VYm e lyg,heH.
N J
Proof. From Theorem 1.5.18. O

The following theorem shows the history-dependent value function can be computed by the dynamic program.
The following theorem is akin to [?, theorem 4.2.1].

Theorem 3.2.6. For each m € Il and t € N:

ar(h) = uf(h), Vhe .

Proof. By induction on ¢t. The base case for t = 0 follows from the definition. The inductive case for ¢t + 1
follows for each h € K when |h| =k, as

a7, (h) = ER [

— [Eh,7r,t+1 [Eh m,t+1 [Nh

Theorem 3.1.5]
Theorem 2.6.1]
Theorem 2.5.7]
Theorem 2.7.1]

[
| iy Sy | [
[
[
(Chy gy, Bgpsa )3 0 )] [Theorem 3.1.5]
[
[
[
[

_ h,mt+1 h,m,t+1 |=h
=t [ +E [7' kot | Oy 3k0+1H

_ h,mt+1 ha,c 8k 1)yt [~h
— b [ O

— Fhomttl [ + ut
— Fhomttl [*‘h + ut

((hy s 5k H})] inductive assm]

= EhmL [ 4 7] Theorem 2.6.2]

= LTu} Theorem 3.2.1]
=ul(h). Theorem 3.2.3]
Also, we use 4] to emphasize when we treat u as a random variable. O

The following theorem is akin to [?, theorem 4.3.2].

Theorem 3.2.7. For each t € N:

uy(h) > a,(h;m), VheH,m€llyg.

Proof. By induction on ¢. The base case is immediate. The inductive case follows for ¢ + 1 as follows. For
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each 7 € Ilgg:

[Theorem 3.2.2]
; [ind asm, Theorem 3.2.5]
LTuT)(h) [Theorem 3.2.6]
[
[

ul (h) Theorem 3.1.5]
= u,(h;m) Theorem 3.2.6]
O
4 Expected Dynamic Program: Markov Policy
4.1 Optimality
We discuss results needed to prove the optimality of Markov policies.

[ Definition 4.1.1. The set of independent value functions is defined as V := R%. }
( Definition 4.1.2. A Markov Bellman operator L*: V — V is defined as )
(L*v)(h) := max Erhel [/ 4+ o(3,)], Viel,

L < J
(" Definition 4.1.3. The optimal value function vi € V,t € N is defined as )

.o if t =0
W 8=
¢ (L*v;_;) otherwise.
N Y
- 2
Theorem 4.1.4. Suppose that t € N. Then:
vi (sjpy(h)) = uz(h), VheIH. |
N

Proof. By induction on ¢. The base case follows immediately from the definition. The inductive step for
t + 1 follows as:

uiq(h) = max Eh-al [?‘}}L‘ + ﬂ;] [Theorem 3.2.4]
= max Eh.al [F‘};L‘ + v§(§l)] [inductive asm.]
= max ESo-a:1 [F‘};l + v?(gl)] [Theorem 2.5.8]
= max Eso@L [Fh 4 v (5))] [Theorem 2.5.1]
ac
= vy1 (8 (R)) [Theorem 4.1.3].
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( Definition 4.1.5. The optimal finite-horizon policy w;,t € N is defined as )
ri(h,5) e | TERXaca BV [P+ 01 ()] R <,
ag otherwise,
where q is an arbitrary action.
\ J
s N
Theorem 4.1.6. Assume a horizon T' € N. Then:
U (s () = w3 (h),  Vh € {h e | b <T}.
L J

Proof. Fix some T € N. By induction on k from k = T to k = 0. The base case is immediate from the
definition. We prove the inductive case for k£ — 1 from k as

s _ rhatl [#h | <77
up! i, (h) =E"TT [rk + " k]
_ h,a*,1 [~h ~Tp
=E [r + Ut k]

[Theorem 3.2.1]
[
—ER [ g, ()] ind asn]
[
77

?777]

= B0t [F o5, (5))] Theorem 2.5.8]

— [Eso,a,l ~h * % 29
max [P + v (51)] 7]
= Vh_p1(80)- [Theorem 4.1.3]
Here, k := |h|, a* := mp(k, s¢), and sq := s, (h) O
4.2 Evaluation
We discuss results pertinent to the evaluation of Markov policies.
Markov value functions depend on the length of the history.

[ Definition 4.2.1. The set of independent value functions is defined as Vy; := RN*S. J
(" Definition 4.2.2. A Markov policy Bellman operator L7;: V — V for m € Il is defined as )
(L70)(k, 5) := max E*! [ + ok +1,5,)], YweVykeNseS.

. o< J
[ Definition 4.2.3. The Markov policy value function vi € Vy,t € N for m € Il is defined as )
. 0 ift =0,

IA—
¢ (L™ ;) otherwise.
\ J

5 Probability Maticies
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P
Definition 5.0.1. A probability matrix P is defined as an n x n matrix with the properties:

P, >0 Vije{l,2,..,n}

P1=1
g Y,
s N
Theorem 5.0.2. Letd € A"™. Then
L dTP € A" )

Proof. Let i € {1,2,...,n} and p = d”P. Then p, = d”P, where P; is the i*" column of P. Since all the
elements of both P, and d are non-negative, their inner product must also be non-negative. Since

d’pP1=d"1
= 1 5
p satisfies that its elements are non-negative and sum to 1 making it a member of A”™ O
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